Origin of diverse nematic orders in Fe-based superconductors: 45
The electronic nematic state, which is the spontaneous rotational symmetry breaking in the many-body electronic states, appears in many Fe-based superconductors [1] . Above the structural transition temperature T S , the electronic nematic susceptibility develops divergently, observed as the softening of shear modulus C 66 [2, 3] , and the enhancements of low-energy Raman spectrum [4, 5] and in-plane anisotropy of resistivity ∆ρ [6] . The mechanism of nematicity and its order parameter attract increasing attention, as a key to understand the pairing mechanism of high-T c superconductivity. The intimate relationship between nematicity and magnetism has been discussed based on the spin-nematic scenarios [7] [8] [9] [10] [11] [12] and the orbital/charge-order scenarios [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Beyond the initial expectations, Fe-based superconductors exhibit very rich phase diagrams with nematicity and magnetism. In FeSe, for example, the nematic order does not accompany the magnetism at ambient pressure, whereas this nonmagnetic nematic phase is suppressed and replaced with the SDW phase by applying pressure [24, 25] . This phase diagram is understood in terms of the orbital-order scenario by assuming the pressure-induced d xy -orbital hole-pocket [26] . Ginzburg-Landau analysis on the phase diagram of FeSe was also performed [27] . Also, inside the nematic phase, C 4 symmetric SDW phase emerges in some hole-doped Ba122 compounds [28] . The origin of those diverse electronic states associated with charge, orbital and spin degree of freedoms is significant unsolved problem in Fe-based superconductors.
Until recently, all the discovered nematic orders in Febased superconductors have B 1g (=d x 2 −y 2 ) symmetry, along the nearest Fe-Fe direction. Recently, however, nematic order/fluctuation with B 2g (=d xy ) symmetry, rotated by 45
• from the conventional B 1g nematicity, has been discovered in heavily hole-doped (n d = 5.5) compound AFe 2 As 2 (A=Cs, Rb). Strong B 2g nematic fluctuations and static order have been observed by the NMR study [29] , the quasiparticle-interference by STM [30] , and the measurement of in-plane anisotropy of resistivity [31] in RbFe 2 As 2 (T c ∼ 2.5K) and CsFe 2 As 2 (T c ∼ 1.8K). No SDW transition is observed in both compounds down to T c . [31, 32] . Surprisingly, both B 1g and B 2g nematic transitions are observed in Y-based [33] and Hg-based [34] cuprate superconductors, respectively, at the pseudogap temperature T * . The discovery of unexpected B 2g nematicity puts a severe constraint on the scenario of the electronic nematic states. Interesting scenarios of charge nematicity in cuprates have been discussed by many authors [35] [36] [37] [38] [39] [40] [41] .
In this paper, to reveal the origin of the B 2g nematicity, we study the spontaneous symmetry-breaking in the self-energy based on the multiorbital Hubbard model for AFe 2 As 2 . For this purpose, we analyze the self-consistent CDW equation, based on which the B 1g nematic orbital order [18] as well as multistage CDW orders in cuprate superconductors [42] have been explained. Here, we predict that the "nematic bond order", given by the symmetry-breaking in the d xy -orbital correlated hopping, is responsible for the B 2g nematic order in AFe 2 As 2 . We find that not only conventional B 1g nematic orbital order (n xz = n yz ), but also the B 2g nematic bond order in AFe 2 As 2 is understood in a unified way in terms of the spin-fluctuation-driven nematicity. Strong chargespin coupling due to the Aslamazov-Larkin (AL) vertex correction is a key mechanism for realizing rich variety of nematicity and magnetism in Fe-based superconductors.
First, we introduce possible candidates for the nematic order parameters. Figures 1 (a) and (b) show B 1g nematic states due to orbital order (n xz = n yz ) and bond order, respectively. The latter corresponds to the symmetry breaking of the nearest-neighbor correlated hopping δt 1 . Here, the (x, y) axes are along the nearest Fe-Fe directions. On the other hand, B 2g nematic state is caused by the orbital order shown in Fig. 1 (c) (n XZ = n Y Z ), where the (X, Y ) axes are 45
• rotated from the (x, y) axes:
nematic state is also caused by the next-nearest-neighbor (NNN) bond order shown in Fig. 1(d) , which corresponds to the modulation of the NNN correlated hopping δt 2 . We propose that the B 2g bond order is the origin of the B 2g nematicity in AFe 2 As 2 , which has not been discussed in previous theoretical studies [21, 35, 37, 38] . Below, we denote the five
We analyze the following two-dimensional eight-orbital d-p Hubbard model with parameter r [18] :
where H 0 is the unfolded tight-binding model derived from the first-principles calculation for CsFe 2 As 2 , which we introduce in the Supplemental Material (SM) A [43] . H U is the first-principles screened Coulomb potential for d-electrons in BaFe 2 As 2 [44] . Figure 1 
We calculate the spin (charge) susceptibilitiesχ s(c) (q) for q = (q, ω m = 2mπT ) based on the random-phaseapproximation (RPA). The spin Stoner factor α s is given by the maximum eigenvalue ofΓ sχ0 (q, 0), whereΓ s(c) is the bare Coulomb interaction for the spin (charge) channel, andχ 0 is the irreducible susceptibilities given by the Green function without self-
Here, h 0 (k) is the matrix expression of H 0 and µ is the chemical potential. Details ofΓ s(c) ,χ s(c) (q), andχ 0 (q) are explained in the SM A [43] . We use N = 64 × 64 kmeshes and 512 Matsubara frequencies, and fix the parameters r = 0.30 and T = 0.03 eV unless otherwise noted. Figure 1 Hereafter, we study the symmetry-breaking in the selfenergy ∆Σ based on the CDW equation introduced in Ref. [18] . We calculate both momentum-and orbitaldependences of ∆Σ self-consistently in order to analyze both orbital order and bond order on equal footing. To find the realized CDW wavevector q, we solve the following linearized CDW equation:
where λ q is the eigenvalue for the CDW equation. The CDW with wavevector q appears when λ q = 1, and the eigenvector ∆Σ q (k) gives the CDW form factor. The kernel functionK q (k, k ′ ) [42] is given by
is the four-point vertex. As shown by the Feynman diagram in Fig. 1 (g 
where
. In Eq. (4), the first line corresponds to the MakiThompson (MT) term, and the second and the third lines give AL1 and AL2 terms, respectively. In the MT term, the first order term with respect toΓ s,c gives the HartreeFock (HF) term in the mean-field theory. In both B 1g and B 2g CDWs, the HF term gives negligibly small contribution. Near the magnetic criticality, the AL terms are strongly enhanced. The strong charge-spin coupling due to the AL terms are responsible for the spin-fluctuationdriven CDW order. (In Eq. (4), double-counting secondorder terms with respect toΓ s(c) have to be subtracted.) In this study, we drop the ǫ n -dependence of ∆Σ q (k) by performing the analytic continuation (ǫ n → ǫ) and putting ǫ = 0 [18] .
Next, we discuss the CDW susceptibility with respect to the form factor ∆Σ;χ ∆Σ . By including both AL and MT vertex corrections, it is given as
we shown the Feynman diagram forP q (k, k ′ ), in which higher-order MT and AL terms are included.
Using the Eq. (4), we can show that
. Thus, the CDW with wavevector q emerges when q is meaningless.) The obtained form factor has B 2g -symmetry since the symmetry relation ∆Σ q=0 xy (k x , k y ) ∝ sin k x sin k y holds. The relation |∆Σ xy | ≫ |∆Σ yz(xz) | means that the primary nematic order is the "next-nearest-neighbor bond order for d xy orbital", which is shown in Fig. 1 (d) . The B 2g bond order induces small secondary nematic orbital order ∆Σ Fig. 1  (c) . The obtained B 2g bond order is consistent with the experimental B 2g nematicity in AFe 2 As 2 [29] [30] [31] .
Figures 2(c) and 2(d) show the form factors for the second largest eigenvalue λ = 0.88. The obtained solution has B 1g -symmetry since the symmetry relation ∆Σ q=0 xy (k x , k y ) ∝ cos k x − cos k y holds. This corresponds to the nearest-neighbor bond order for d xy orbital shown in Fig. 1(b) . This B 1g bond order induces small secondary orbital order with B 1g symmetry. Figure 3 (a) shows the T dependencies of (1 − λ q=0 ) −1 , which is proportional to the nematic susceptibilitŷ χ ∆Σ (q = 0). We see that (1 − λ q=0 ) −1 for the B 2g symmetry shows the Curie-Weiss behavior and dominates over that for the B 1g symmetry. These results are consistent with the experimental nematic susceptibility [29, 31] . In Fig. 3(b) , we show the q dependencies of the largest eigenvalue at T = 0.02eV, 0.04eV, and 0.06eV. It is confirmed that the B 2g nematic susceptibility has the largest peak at q = 0, and the secondary broad peak appears around q ∼ (π/2, 0). In order to understand the origin of the B 2g nematic bond order, we analyze the momentum-dependence of the kernel function for d xy orbital. Figure 4 (a) shows
given by two AL terms on FS3. Here, θ and θ ′ denote the azimuthal angles of k and k ′ on the FS3, respectively, shown in Fig. 4 (b) . The green lines denote the position of B 2g symmetry nodes. This checkerboard-type sign structure in K FS3 (θ, θ ′ ) in the CDW equation directly gives the B 2g symmetry bond order on the d xy -orbital. The AL term is given by the summation of the AL1 and AL2 terms, respectively shown in Figs. 
(c) and (d).
In the AL1 term in Fig. 4 (c) , the positive line region A along θ = θ ′ ± π (i.e., k = −k ′ ) originates from the particle-particle (Cooper) channel G 4,4 (k − p)G 4,4 (k ′ + p) in the second line in Eq. (4). In fact, AL1 term is pro-
, which diverges logarithmically for k = −k ′ at T = 0. Here, f (ǫ) is Fermi distribution function, ξ 4 (k) is d xy -orbital hole-band dispersion, and the cutoff energy ω c (≪ E F ) corresponds to energyscale ofχ s inV s . In the AL2 term in Fig. 4 (d) , the particle-hole channel
in the third line in Eq. (4) gives the negative U-shape region B. In fact, AL2 term is propor-
Thus, φ p-h takes large negative value for k − k ′ ≈ Q, which is satisfied for θ = π/4 and θ ′ = 3π/4 in the present model. The AL2 term also gives the positive line region C along θ = θ ′ (i.e., k = k ′ ), since φ p-h takes large positive value for k = k ′ in the case of ω c ≪ E F . We verified that positive line legions A and C in Figs. 4 (c) and (d) are reproduced by φ p-p and φ p-h with ω c = +0.
To summarize, positive regions A and C enlarge the eigenvalue of d xy -orbital bond order, and negative region B favors the B 2g symmetry solution. The contribution from MT terms is small as we discuss in the SM B [43] . Finally, we discuss the doping-dependence of the nematicity: We introduce reliable model Hamiltonian for Cs 1−x Ba x Fe 2 As 2 , by interpolating between CsFe 2 As 2 model and BaFe 2 As 2 model with the ratio 1 − x : x. With increasing x, the FSs with four Dirac pockets in Fig. 5(a) for x = 0.4 change to the FSs with two electron pockets in Fig. 5(b) for x = 0.6. In this model, the Lifshitz transition occurs at x c ≈ 0.5 in this model. Figure 5 (c) shows x dependences of λ q=0 for the B 2g and the B 1g symmetries in the Cs 1−x Ba x Fe 2 As 2 model, in which value of r is fixed to 0.30. For x < x c , the B 2g bond order ±δt 2 shown in Fig. 1(d) is dominant over the B 1g orbital order, since the former is driven by strong spin fluctuations in d xy orbital. For x > x c , the B 1g orbital order n xz = n yz in Fig. 1(a) becomes dominant, due to the strong spin fluctuations in d xz,yz orbitals caused by the nesting between electron-FSs and FS1,2 as discussed in Refs. [16, 17, 19] . Thus, the symmetry of nematicity changes by crossing the Lifshitz transition. To summarize, the present theory based on the CDW equation in Eq. (2) naturally explains both the B 1g nematic order in the non-doped (n d ≈ 6) Fe-based superconductors and the B 2g nematic fluctuation in heavily hole-doped (n d = 5.5) AFe 2 As 2 (A=Cs, Rb).
In summary, we studied the rich variety of nematic orders realized in heavily hole-doped compound A 1−x Ba x Fe 2 As 2 (A=Cs, Rb) by solving the CDW equation. At x = 0, we find that the B 2g nematic bond order is driven by incommensurate spin fluctuations in d xy orbital. With increasing x, the B 2g bond order disappears, and the fluctuations of B 1g orbital parameter (n xz − n yz ) develop strongly after the Lifshitz transition occurs. Not only the B 1g orbital order in conventional compounds (n d ≈ 6), but also the B 2g nematic bond order in AFe 2 As 2 (n d = 5.5) is understood in a unified way, based on the mechanism of spin-fluctuation-driven nematicity. The present theory will give useful hints to understand not only the pairing mechanism in Fe-based superconductors, but also recently-observed rich nematic orders in cuprate superconductors [33, 34] .
We are grateful to Y. Matsuda, T. Shibauchi Here, we introduce the eight-orbital d-p models for CsFe 2 As 2 and BaFe 2 As 2 analyzed in the main text. We first derived the first principles tight-binding models using the WIEN2k and WANNIER90 codes. Next, we introduce the k-dependent energy shifts for orbital l, δE l , by introducing the intra-orbital hopping parameters, as we explain in Ref. [19] . Next, we explain the multiorbital Coulomb interaction. The bare Coulomb interaction for the spin channel in the main text is
Also, the bare Coulomb interaction for the charge channel
otherwise. (S2) Here, U l,l , U ′ l,l ′ and J l,l ′ are the first principles Coulomb interaction terms for d-orbitals of BaFe 2 As 2 given in Ref. [44] .
Using the multiorbital Coulomb interaction, the spin (charge) susceptibility in the RPA is given bŷ
where irreducible susceptibilities is
Here,Ĝ(k) is the multiorbital Green function introduced in the main text.
B: Detailed explanation for the kernel function
In the following, we present detailed explanation for the kernel function in the CDW equation. In Fig. S2(a) , we show the total kernel function on FS3, K FS3 (θ, θ ′ ) ≡ T n ′ K q=0 4,4;4,4 (k(θ), ǫ n , k(θ ′ ), ǫ n ′ )| ǫn→0 , given by all vertex correctoins in Eqs. (3) and (4) in the main text. The dotted green lines denote the B 2g symmetry lines. The obtained kernel clearly shows the checkerboard sign structure. This fact means that the B 2g symmetry nematic bond order is obtained by solving the CDW equation. Figure S2 (b) shows K FS3 (θ, θ ′ ) given by only the MT term, which takes negative value for all θ, θ ′ region. The momentum dependence of the MT term is given by the factorV s (k − k ′ ) ∝χ s (k − k ′ ), which has peak at the nesting vector Q. The MT term assists the B 2g symmetry solution since it takes large negative value for |θ − θ ′ | ∼ π/2, 3π/2, enclosed by purple dotted box in Fig. S2(b) .
Since the MT term is everywhere negative, its contribution for the nematic order is much smaller than the contribution from the AL terms. In fact, if we drop the AL terms in the CDW equation, the eigenvalue is quite small. To summarize, the nematic order obtained in the main text originates from the AL terms. Although the MT term alone cannot derive the nematic order, the MT term stabilizes the nematic order in collaboration with the AL terms. 
